Many-body phenomena were always an integral part of physics comprising of collective behaviors through self-organization, in systems consisting of many components and degrees of freedom. We investigate the collective behaviors of strongly interacting particles confined in one dimension. We show that many-body orders with topological characteristics can be found at the Mott insulator limit for hardcore bosons, at different fillings, without considering the spin degree of freedom or longrange microscopic interactions. These orders have unique properties like weak or strong quantum correlations (entanglement), quantified by the entanglement entropy, edge excitations/modes and gapped energy spectrum with highly degenerate ground state, bearing resemblance to topologically ordered phases of matter.
I. INTRODUCTION
Many-body systems often exhibit novel properties, due to the collective behavior of their many interacting components that self-organize in unique ways. As it is usually quoted, a many-body system is more than just a sum of its individual parts. This extra ingredient due to collectiveness that is difficult to extract reductively, can lead to extraordinary phenomena, such as, the fractionalization of the elementary electron charge in the fractionalquantum-Hall effect 1, 2 . Other celebrated examples where many-body interactions can lead to measurable consequences are, superconductivity and spin liquids 3, 4 . During the last decades, it was realized that not all quantum phases of matter, due to many-body interactions, can be described by the Landau symmetry-breaking theory of phase transitions. For example, the superfluid phase of a spin liquid and the fractional-quantum-Hall phase, possess properties like long-range spatial correlations related to quantum entanglement [5] [6] [7] . These phases usually occur at the ground states of many-body systems, which are highly degenerate and require a topological measure for their characterization, that takes into account the overall spatial properties of the system, instead of local order parameters that describe different phases in the Landau theory. Entanglement is a key underlying ingredient and is strongly tied to topology in these quantum phases, which have been dubbed topological orders 8 . In order to identify their properties several measures can been used, like the entanglement entropy and the entanglement spectrum 9, 10, [12] [13] [14] [15] which allow to quantify the strength of entanglement and relevant topological features.
Topological order has been primarily demonstrated theoretically in two-dimensional systems(2D) 6, 8, 9, [11] [12] [13] . The existence of quantum phases with topological order characteristics is still ambiguous in onedimension(1D) 5, [16] [17] [18] [19] [20] [21] [22] [23] . One of the main issues is that gapped 1D phases can only contain states that have short-range entanglement that is protected by a symmetry 21 , unlike 2D topologically ordered phases where long-range entanglement can exist without symmetries 24 . One such example of symmetry protected topological order (STP) in 1D, is the Haldane phase of integer spin chains 20 . In many cases the spin acts as an essential degree of freedom for the identification of the topological orders and entanglement properties, while for computational efficiency half-filled systems might be considered. Some topological and entanglement aspects in systems with strongly interacting particles, have been investigated in Refs [25] [26] [27] [28] .
In this paper we investigate the many-body orders in the ground state of strongly interacting spinless particles confined in 1D. We simulate our system by considering hard-core bosons in Hubbard chains with strong shortrange interactions. At the Mott insulator limit when the particles become strongly localized at each site of the Hubbard chain, the ground state is determined by their spatial freedom according to the filling. The particles arrange in different configurations, that minimize the energy of the system, forming a quantum fluid. Thus many degenerate or nearly degenerate ground states that are energetically isolated from the other states of the system, emerge. Moreover, spatial quantum correlations are created when the system is in a superposition of these ground states, despite the strong localization of the particles. By splitting the system in two parts the reduced density matrix and the entanglement entropy of each can be calculated, which is way to quantify the many-body correlations 6, 7 . Using this method, we show that the strength of entanglement varies according to the filling. In addition edge modes appear at the ends of the system that are entangled with each other.
II. MODEL
In order to simulate our one dimensional many-body system we use a spin-less Hubbard chain Hamiltonian with short-range interactions,
(1) where c i , c † i are the creation and annihilation operators for spin-less particles, n i = c † i c i is the number operator, t 1 the nearest-neighbor hopping and t 2 the next nearestneighbor hopping. The particles interact with strength U only when they are occupying neighboring sites in the chain. We consider that the Hubbard chain terminates at sites 1 and M with hard-wall/open boundary conditions. As we shall show the spatial freedom of the particles, at different fillings, can give surprisingly complex behaviors, even for this simple short-range interacting model. We consider many-body wavefunctions that are symmetric under exchange of two particles, but the particles cannot occupy the same quantum state , that is, only one particle is allowed per site and therefore n i can be either 0 or 1. This is the case of the hardcore bosons [29] [30] [31] [32] that can be realized in cold atom and helium-4 systems experimentally [33] [34] [35] . The hardcore bosons satisfy the commutation relation [c i , c † j ] = (1 − 2n i )δ ij . We investigate the collective behaviors of the particles by examining the quantum correlations in the many-body wavefunctions via the density matrix, the entanglement entropy and the occupation probability at each site of the Hubbard chain.
In order to characterize the many-body states in the text we use 1(0) to denote occupied(unoccupied) sites of the Hubbard chain. Schematically we represent it with filled(empty) circles.
The interaction strength U can be either positive or negative for repulsive or attractive interaction, respectively. We consider strongly interacting particles at the Mott insulator limit where |U | ≫ t. At this limit the particles localize at each site of the Hubbard chain and the ground state can be obtained easily without diagonalizing the Hamiltonian Eq. (1), as we are going to demonstrate for half and lower fillings.
III. GROUND STATES
At the limit t 1 = t 2 = 0, the minimum energy of the system is achieved by arranging the particles in a way that there is always, at least a single unoccupied site between them. The particles form a quantum fluid mediated by charged density waves. Since there are different ways to achieve this type of configuration, the ground state of the system becomes degenerate. The degree of degeneracy depends on the ratio of the number of particles N over the number of sites in the Hubbard chain M , which is the filling f = N/M , determining the spatial freedom of the particles. The number of allowed particle configurations/microstates can be expressed mathematically with factorials via combinatorics as
The simplest way to construct the respective many-body wavefunction, is to assume a linear superposition of the degenerate ground states, which are determined by the different microstates as,
We have M n = M − N + n while index i n denotes the occupied sites in the Hubbard chain. The list i 1 , ...i n has length N and determines a Fock state |{i 1 ...i n } . This type of superposition with equal amplitudes for each microstate is a reasonably good approximation when the microstates are degenerate or nearly degenerate. A similar wavefunction can be used for describing the states of ferromagnetic spin chains 10 . If there are N particles in a system of M = 2N sites, for half filling f = 1/2, then from Eq. (3) the number of degenerate ground states is N+1. This can be seen in figure 1a where we show a schematic representation of the different microstates for a half-filled system with N = 4. Below half-filling (f < 1/2), the particles are spatially less restricted and therefore the number of ground states increases. As we shall see this degree of spatial freedom affects the entanglement properties of the ground state.
The ground states will be separated by a large gap from the excited states, which will form separate energy bands containing different types of microstates. For example all the microstates in the first excited states will contain one pair of particles occupying neighboring sites in the Hubbard chain, contributing energy U in the respective many-body states, which is the value of the energy gap seperating them from the ground states. Therefore, the interaction between the particles splits the Hilbert space of the non-interacting system in subspaces that contain many-body orders according to the different particle configurations allowed.
According to the above, if we consider this system as a quantum fluid, then the encircled areas in figure 1a would be incompressible, in the sense that in order to bring two particles on neighboring sites we need to overcome the energy gap U. The half-filled system can be mapped to a XXZ chain of spins S=1/2 36 . By using this analogy we can see that the ground state of our model contains hidden anti-ferromagnetic order. This can be understood easily by replacing occupied(unoccupied) sites with spin up(down). Then the spin alternates between up and down, as in a chain containing anti-ferromagnetic order. This is essentially a consequence of the microscopic rule that there must be at least one unoccupied site between FIG. 1. a) The different particle configurations/microstates for the ground state of a half-filled spinless Hubbard chain with nearest neighbor repulsive interaction U and four particles (N=4). Open(filled) circles denote unoccupied(occupied) sites. These microstates minimize the system energy forming N+1 degenerate ground states. The system can be split in two partitions A and B in order to calculate their quantum correlations (entanglement). b) First nearest neighbor hopping allows transition between the ground states lifting their degeneracy, unlike second nearest neighbor hopping which preserves it. c) The microstates for attractive interactions -U and f = 1/2. The stacking of all the particles minimizes their energy giving N+1 ground states.
the particles. The idea can be applied to any filling, since we can condense successive unoccupied sites into one.
The effect of weak first or second nearest hopping on the ground states can be understood perturbatively. Consider the half filled case. First nearest neighbor hopping will allow transitions between the ground states, creating a small dispersion that will lift their degeneracy. For example, acting with a hopping term c † 6 c 5 on the ground state |10101010 results in the state |10101001 , as can be seen in figure 1b. The degenerate ground states can be thought as the different sites in a tight-binding chain. A hopping between the sites will create a dispersion in the energy spectrum of the chain, creating a band structure, which is equivalent to lifting the degeneracy of the ground states. We have verified this correspondence by applying degenerate first order pertubation theory. We have found that the energy of the perturbed system will be
where D is the degeneracy (Eq. (2)) and j is an integer taking values j=1,2..D, for each of the perturbed ground states. This is the energy dispersion of a tight-binding chain with D sites and hardwall boundary conditions. Moreover each of these perturbed ground states can be written as linear combination of the unpertubed ones. The amplitudes are given by the corresponding wavefunction for a state j in the tight-binding chain,
where |x is the lattice site, representing each of the unperturbed states |{i 1 ...i n } in the linear combination Eq. (3), running over the degenerate space of dimension D. Both results above are well known solutions for a XXZ spin chain, to which our model can be mapped at halffilling 36 . Acting with a second nearest neighbor hopping c † i c i+2 on the ground states, for any i, will result only in excited states, which contain at least a pair of particles occupying neighboring sites, contributing energy U, the energy gap that separates them from the ground states. Therefore the degeneracy of the ground states will not be lifted when adding weak second nearest neighbor hopping. Also, the particle configurations for each ground state will be preserved. This result simplifies our analysis since we only need the positions of each localized particle in the Hubbard chain contained in Eq. (3) to analyze the properties of the ground states with weak second nearest neighbor hopping.
The ground states for a system with N=6 can be seen in figure 2a after diagonalizing the Hubbard Hamiltonian Eq. (1). As we have analyzed for half-filling (f = 1/2) the degeneracy is preserved for t 1 = 0eV, t 2 = 0.1eV while it is lifted for t 1 = 0.1eV, t 2 = 0eV . Although the degeneracy is lifted for lower fillings (f = 1/3), the energy gap from the excited states does not close. Then we can still consider that the system still lies in a superposition of these nearly degenerate ground states (Eq. (3)), as long as hopping t is small compared to U.
IV. ENTANGLEMENT
Even though the particles localize at each site of the Hubbard chain due to the strong interaction, spatial quantum correlations are created, when we consider a state of the system as a superposition of the different ground-states Eq. (3). A well established approach to quantify the correlations is to split a quantum system in two partitions, say A and B forming this way a composite system. Then the entanglement between these partitions can be estimated via the reduced density matrix of partition A, ρ A ≡ tr B |Ψ Ψ| after tracing out the rest of the system, that is partition B. The elements of the reduced density matrix can be calculated via ρ
is the amplitude for each partitioned ground state |ik >, where i(k) is the corresponding microstate in A(B). Moreover the Von Neumann entanglement entropy can be calculated
The scaling of the entanglement entropy provides information about the strength of entanglement in 1D quan-tum systems. For critical 1D phases it has been shown that the entropy diverges logarithmically with increasing the partition size, while it saturates/converges for non-critical phases 5 . The logarithmic divergence implies stronger entanglement than the converging case.
In the case of half-filling, the density matrix obtains a simple form that allows the calculation of the entanglement entropy analytically as follows. We start by noticing that each subsystem A or B is half the size of the full composite system, with N/2 particles distributed in N sites. In order to calculate the element ρ
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A of the density matrix, we can fix the microstate inside A at |1 and then count the different microstates in B. These are N/2 + 1, as if B was an isolated system and we wanted to obtain the number of its ground states. Then we multiply by the square modulus of the normalization factor
and obtain ρ 
where a = N 2 . The entropy of the subsystem A in term of the eigenvalues of the density matrix becomes
At the thermodynamic limit N → ∞ the above eigenvalues become ρ A1,2 = 1/2, resulting in the entropy
This is the entanglement entropy value for a maximally entangled Bell state of two spins in the singlet state. The convergence at the thermodynamic limit implies semilocal correlations, that result in weak entanglement as in the non-critical phases of XY spin chains 5 . This result agrees with the numerical calculation of S A versus N using the ground state Eq. (3) , shown in figure 3 , where the dashed line is the analytical result Eq. (8) .
We would like to note that the steps above are valid for even number of particles N, half of which go at each partition. Following a similar method we can derive that S A = ln2 for odd N also.
The origins of the weak entanglement can be understood as follows. We can imagine the partitions A and B, as two isolated many-body systems. Each one is half the size of the full composite system and its ground states are determined by the different microstates that have at least one unoccupied site between all the particles. This microscopic rule plays a crucial role, since it restricts the combinations of the ground states of the isolated partitions that can form the ground states of the composite system. For example in Fig 1a, the combination |1001 |1010 has to be excluded, when we form the ground state of the full system. So in general, the ground state Hilbert space of the full system H G is not simply the tensor product of the individual spaces of A and B, that is
The two partitions become weakly entangled, due to the local particle interaction at their boundary.
In figure 3 we show the S A for lower fillings (f = 1/3, 1/4) calculated numerically using the ground state Eq. (3). For all these cases S A diverges logarithmically, as in the critical phases of XY spin chains 5, 19 , implying stronger entanglement than f = 1/2. This is an indication of the increased complexity of the particle configurations due to the larger spatial freedom compared to the half-filling. We remark that for f < 1/2, the particle number at each partition is not conserved. Therefore we cannot form the ground state Hilbert space of the full system H G as a tensor product of the individual spaces of two isolated partitions A and B, even if we remove the interaction at the boundary between them, unlike the half-filled case. This means that we cannot completely remove the entanglement with local operations, which is another indication of the strong entanglement, that induces long-range spatial correlations.
The different entanglements are related to the spatial freedom of the particles at the respective fillings. In a low filled system we can freely add an additional particle, as long as there is at least one unoccupied site between it and the rest of the particles. This way we can fill the empty space of the system with Int[(M +1)/2−N ] particles (for even M) that will go at the ground state without affecting its energy, or the gap from the excited states. In this sense, the low fillings in our model correspond to a transition towards a superfluid phase 37 , i.e. the system at low fillings lies in a critical regime. This could explain the logarithmic divergence of the entanglement entropy with the partition size, which occurs in general at the critical regime of 1D many-body systems. In the half-filled case on the other hand the system lies in an insulating phase, since in order to add an additional particle we have to excite the system. Therefore, the different scaling behavior of the entanglement entropy for the half-filled and low filled cases, is related to the different phases the system lies at these fillings.
We have found that most of the eigenvalues of the density matrix are doubly degenerate as in the Haldane phase of spin chains where string order and entanglement are present 13, 19, 20 . Another way to detect the entanglement is by measuring the purity of the quantum state with density matrix ρ which can be quantified by T r(ρ 2 ) 33 . When T r(ρ 2 ) < 1 the state is mixed which means that it is not quantum mechanically fully consistent and contains statistical fluctuations. When this happens for the reduced density matrix of a partition of a quantum system, entanglement with the rest of the system is implied. We have found T r(ρ 2 A ) < 1 for all the fillings studied (f = 1/2, 1/3, 1/4), which is an additional indication of the entanglement present in our system. It should be noted that the entanglement in the Mott insulator limit, when the particles become strongly localized, is governed by the different ways they organize to form the ground states. In essence, it could be said, that the quantum superposition of the enumerative combinatorics of the particles when viewed classically as macroscopic objects, is creating the correlations. This is also the reason that it is not necessary to diagonalize the Hamiltonian Eq. (1) in order to estimate the entanglement, at the Mott insulator limit.
As far as topological order is concerned, which is usually identified through its highly degenerate ground state and strong long-range entanglement properties, there are obvious similarities with our results. However we are not able to obtain both these properties simultaneously. For example the half-filled system with only second nearest neighbor hopping has a highly degenerate ground state but lacks the strong entanglement. On the other hand at lower filling the degeneracy is lifted but the entanglement of these nearly degenerate ground states, becomes stronger, as indicated by the logarithmic divergence of the entanglement entropy.
V. EDGE MODES
In order to obtain additional features of the ground states we calculate the occupation probability (particle density) for each site of the Hubbard chain. It can be defined as
where n i = c † i c i is the number operator at site i. the entropy converges at ln 2 as two spins in a singlet maximally entangled Bell state. For lower fillings the entropy diverges logarithmically as SA ∼ ln N , implying stronger entanglement. The last two points in the curve for U = 2 and f = 1/4 are calculated via extrapolation.b) The occupation probability ni (particle density) versus each site i in the Hubbard chain, for N=6,8,10 and different fillings. Edge modes can be seen for f < 1/2, with uniform bulk density ni ≈ f and edge density that is a fraction n edge ≈ f 1−f . The edge modes are not affected by N.
In figure 3b we show n i for different fillings and number of particles. In all cases, we observe fluctuations of the probability, that are larger at the two ends of the Hubbard chain, resembling charged density waves (CDW) 38 . For the lowest fillings f = 1/3, 1/4 the fluctuations smoothen out at the bulk of the Hubbard chain resulting in uniform density n i ≈ f .
If we had ignored the edges of the system, by applying periodic boundary conditions for example, then it would be indeed reasonable to expect the probability to be uniformly distributed on every site, obtaining the corresponding value of the filling, n i = f with M n i = N . This could be imagined as a fractionalization of each particle with the fractions distributed equally on all the sites of the Hubbard chain. However when edges are present a small percentage of the fractions distributes equally on them forming edge modes. This percentage is equal to the occupation probability at the edge. It can be obtained by the ratio between the microstates of the system that have one occupied site at the corresponding edge (site 1 or M) D(M-2,N-1), over the total number of microstates D(M,N). This is n edge =
. By using Eq. (2) we find that n edge =
which becomes n edge = f 1−f in the thermodynamic limit N → ∞.
Even below the thermodynamic limit the edge density is very close to this value as shown figure 3b where n i is plotted for increasing particle number N=6,8,10. In addition, it changes only slightly with the size of the system. The dip of n i near the edge sites is due to the repulsive interaction U which reduces the probability to find a particle on the neighboring site to the edge, if the edge site is already occupied.
The edge modes could be considered as excitations of the particle density which remains uniform at the bulk of the Hubbard chain. Each edge is contained in one of the partitions A or B, which are quantum mechanically correlated(entangled), as we have shown. Therefore we can assume that the edge excitations at the opposite ends of the system are entangled with each other.
VI. ATTRACTIVE INTERACTIONS
We briefly analyze the case of negative U, that is, for attractive interactions between the particles. In this case the ground state is obtained by stacking all the particles together at neighboring sites, which minimizes their energy at E = −U (N − 1). These states are separated by a large gap U from the first excited states. An example of the microstates can be seen in figure 1c . The degeneracy of these ground states is preserved for both first and nearest neighbor hopping as can be seen in figure 2, unlike the repulsive interaction case. For the half-filled case the entanglement entropy in figure 3 follows the limit where the number of the different particle configurations in subsystems A and B is equal to the corresponding number of microstates. At this limit the reduced density matrix ρ A is diagonal, resulting in maximum entropy S A = ln(N + 1) which is the corresponding dashed curve in figure 3a. For lower fillings the entropy is reduced but still diverges logarithmically.
VII. SUMMARY AND CONCLUSIONS
To summarize, we have investigated the selforganization of strongly interacting spinless particles confined in one-dimension. We have consindered hardcore bosons at the Mott-insulator limit, modeled in a spinless Hubbard tight-binding chain, with first and second nearest neighbor hopping. The particles localize at each site of the Hubbard chain due to the strong interaction. However, the spatial freedom at different fillings allows the particles to organize in various configurations corresponding to different energy bands, that are separated by large gaps. These particle configurations/microstates result in many-body orders that contain quantum correlations, strong or weak entanglement between different parts of the system. At half-filling the corresponding ground state determined by these microstates, is highly degenerate when only second nearest neighbor in our Hubbard chain model is considered. When the system is split in two partitions then their entanglement resembles that of two spins in a singlet maximally entangled Bell state. At low fillings the degeneracy is lifted but the entanglement of the nearly degenerate ground states, becomes stronger as indicated by the logarithmic scaling of the entanglement entropy of each partition. In addition we found excitations at the ends of these Mott insulators, that are entangled with each other, due to the long-range correlations induced by the strong entanglement.
Our results show that certain Mott insulators made of spinless hardcore bosons can have spectrally isolated ground states with non-trivial many-body orders depending on the filling, despite the strong localization of the particles. These orders contain quantum correlations, that is, different parts of these Mott insulators are spatially entangled and therefore have topological characteristics.
An extension of the current analysis would be to investigate the many-body orders and the entanglement in the different excited states that are separated by energy gaps. Additionally, we expect richer orders for particles in two dimensions with more varied patterns of entanglement, due to the increased degrees of freedom.
As a final note, we would like to remark that our results contribute to the idea, that topological phenomena such as the edge states and topological orders can be created via the collective behaviors in many-body systems with relatively simple microscopic rules. Such well known examples are for instance, the Haldane phase of integer spin chains 16, 17 , the majorana modes in the Kitaev chain 18 and the topological order in the toric code 11 . Apart from its fundamental significance, this approach might be useful in the on-going research on the experimental realization of different topological phases in cold-atomic and photonic systems.
